Abstract. We introduce new generalizations of the Gamma and the Beta functions. Their properties are investigated and kown results are obtained as particular cases.
Introduction
The q-deformed algebras [15, 16] and their generalizations ((p, q)-deformed algebras) [4, 5] attract much attention these last years. The main reason is that these topics stand for a meeting point of today's fast developping areas in methematics and physics like the theory of quantum orthogonal polynomials and special functions, quantum groups, conformal field theories and statistics. From these works, many generalizations of special functions arise. There is a considerable list of references.
In this work, we give a new generalization of the Gamma and the Beta functions, namely, the (p, q)-Gamma and the (p, q)-Beta functions. Their main properties are stated and proved and connections with the previous work are done. It is to be noted that in [13] , the authors provided another generalization of the Gamma function.
The Euler gamma function Γ(x) first happens in 1729 in a correspondance between Euler and Goldbach and is defined for x > 0 by (see [1, 17] )
Euler gave an equivalent representation of the Gamma function [1, 2, ?, 17]
This work was supported by TWAS .
An immediate consequence of these representations is
Also, for any nonnegative integer n, Γ(n + 1) = n! follows from the above argument.
Closely connected with the Gamma function is the Beta function [1, 17] 
The Beta function is related to the Gamma function in the following way
Jackson (see [10, 11, 12 , ?]) defined the q-analogue of the gamma function as
and
An equivalent definition of (5) is given in [9] as
where the q-integral is defined by (see [6, 9 , ?])
and can be extended to the whole real line by using relations (8)- (11) and the following rules
Definitions and Miscellaneous Relations
Let us introduce the following notation (see [7] , [8] , [14] )
for any positive integer. The twin-basic number is a natural generalization of the q-number, that is
The (p, q)-factorial is defined by ( [8, 14] )
Let us introduce also the so-called (p, q)-binomial coefficient
Note that as p → 1, the (p, q)-binomial coefficients reduce to the q-binomial coefficients.
It is clear by definition that
Let us introduce also the so-called the (p, q)-powers [14] (x ⊖ a)
These definition are extended to
where the convergence is required.
Proposition 2.1. The following identities are easily verified
(ap
3. The (p, q)-Gamma function Definition 3.1. Let x be a complex number, we define the (p, q)-Gamma function as
Remark 3.2. Note that in (30), if we put p = 1, then Γ p,q reduces to Γ q .
Proposition 3.3. The (p, q)-Gamma function fulfils the following fundemental relation
Proof. By definition, we have
Remark 3.4. If n is a nonnegative integer, it follows from (31) that
It can be also easyly seen from the definition that
Proposition 3.5 ((p, q)-Legendre's multiplication formula). The following multiplication formula applies
Proof. From the definition, we have
Hence,
This proves the proposition.
The (p, q)-Legendre's multiplication formula is generalized as follows.
Proposition 3.6 ((p, q)-Gauss' multiplication formula). The following multiplication formula applies
Proof. As for the previous proposition, we start by using the definition as follows
Hence, we have
It follows that
The proposition is then proved. 
